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Lecture No. 6 

Example 2-D Problem 

 Potential flow problems: Seepage in a granular soil. Assume that the soil is isotropic and 

Darcy’s law gives: 

𝑣𝑥 = 𝐾
𝜕𝑢

𝜕𝑥
  and 𝑣𝑦 = 𝐾

𝜕𝑢

𝜕𝑦
 

where 

 K = permeability coefficient 

 u = head 

 𝑣𝑥 and 𝑣𝑦 are velocities in the x and y directions 

 

 Continuity dictates that 

𝜕𝑣𝑥

𝜕𝑥
+

𝜕𝑣𝑦

𝜕𝑦
= 0 

 Substituting for 𝑣𝑥 and 𝑣𝑦 we have 

𝐿(𝑢) = 𝐾 (
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) 
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 Let’s first check what the essential and natural b.c.’s are 

〈𝐿(𝑢), 𝑤〉 = ∬ 𝐾(𝑢,𝑥𝑥 + 𝑢,𝑦𝑦)𝑤𝑑𝑥𝑑𝑦

𝛺

 

 Integrate by parts using Green’s theorem 

∬ 𝑓 ∙ 𝑔,𝑥𝑑𝑥𝑑𝑦 = ∫ 𝑓 ∙ 𝑔 cos(𝑛, 𝑥)𝑑𝛤 − ∬ 𝑓,𝑥𝑔𝑑𝑥𝑑𝑦

𝛺𝛤𝛺

 

Thus we integrate both terms by parts to obtain 

∬ 𝐾(𝑢,𝑥𝑥 + 𝑢,𝑦𝑦)𝑤𝑑𝑥𝑑𝑦 = ∫ 𝐾[𝑢,𝑥 𝛼𝑛𝑥 + 𝑢,𝑦𝛼𝑛𝑦]𝑤𝑑𝛤

𝛤𝛺

 

− ∬[𝑢,𝑥𝑤,𝑥 + 𝑢,𝑦𝑤,𝑦]𝑑𝛺

𝛺
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W e note that 

𝑢,𝑥𝛼𝑛𝑥 + 𝑢,𝑦𝛼𝑛𝑦 =
𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑛
+

𝜕𝑢

𝜕𝑦

𝜕𝑦

𝜕𝑛
=

𝜕𝑢

𝜕𝑛
 

 

where  
𝜕𝑥

𝜕𝑛
= 𝛼𝑛𝑥 ,   

𝜕𝑦

𝜕𝑛
= 𝛼𝑛𝑦 has n is the unite normal to the boundary.  

We note that the boundary term specifically has the following meaning 

𝑣𝑥 = 𝐾𝑢,𝑥 and 𝑣𝑦 = 𝐾𝑢,𝑦 

thus 

𝐾(𝑢,𝑥𝛼𝑛𝑥 + 𝑢,𝑦𝛼𝑛𝑦) = 𝑣𝑥𝛼𝑛𝑥 + 𝑣𝑦𝛼𝑛𝑦 

= 𝑣𝑛 

= 𝑛𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 (𝐾
𝜕𝑢

𝜕𝑛
) 

Thus 

∬ 𝐾(𝑢,𝑥𝑥 + 𝑢,𝑦𝑦)𝑤𝑑𝑥𝑑𝑦 = ∫ 𝐾
𝜕𝑢

𝜕𝑛
𝑤𝑑𝛤 − ∬ 𝐾[𝑢,𝑥𝑤,𝑥 + 𝑢,𝑦𝑤,𝑦]𝑑𝛺

𝛺𝛤𝛺
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 Thus the b.c.’s are as follows: 

 Essential b.c.’s 

𝑢 = 𝑢   on 𝛤𝐸       (specify potential head) on 𝛤𝐵 

 Natural b.c.’s 

𝐾
𝜕𝑢

𝜕𝑛
= 𝑣𝑛 on 𝛤𝑁             (specify normal velocity) 

 Let’s now set up the fundamental weak form: 

〈Ԑ𝐼 , 𝑤𝑗〉𝛺 + 〈Ԑ𝐵,𝑁 , 𝑤𝑗〉𝛤𝑁
= 0          𝑗 = 1, 𝑁 

⇒ 

∬ 𝐾[𝑢,𝑥𝑥 + 𝑢,𝑦𝑦]𝑤𝑗𝑑𝑥𝑑𝑦 + ∫ [𝑣𝑛 − 𝐾
𝜕𝑢

𝜕𝑛
] 𝑤𝑗𝑑𝛤 = 0          𝑗 = 1, 𝑁

𝛤𝑁𝛺

 

 Let’s now integrate by parts: 

− ∬ 𝐾[𝑢,𝑥𝑤𝑗,𝑥 + 𝑢,𝑦𝑤𝑗,𝑦]𝑑𝛺 + ∫ 𝐾
𝜕𝑢

𝜕𝑛
𝑤𝑗𝑑𝛤

𝛤𝛺

+ ∫ [𝑣𝑛 − 𝐾
𝜕𝑢

𝜕𝑛
]

𝛤𝑁

𝑤𝑗𝑑𝛤 = 0          𝑗 = 1, 𝑁 
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 Now we expand the boundary terms: 

− ∬ 𝐾[𝑢,𝑥𝑤𝑗,𝑥 + 𝑢,𝑦𝑤𝑗,𝑦]𝑑𝛺 + ∫ 𝐾
𝜕𝑢

𝜕𝑛
𝑤𝑗𝑑𝛤 + ∫ 𝐾

𝜕𝑢

𝜕𝑛
𝑤𝑗𝑑𝛤

𝛤𝐸𝛤𝑁𝛺

 

+ ∫ 𝑣𝑛

𝛤𝑁

𝑤𝑗𝑑𝛤 − ∫ 𝐾
𝜕𝑢

𝜕𝑛
𝑤𝑗𝑑𝛤 = 0

𝛤𝑁

 

Furthermore we note that 𝑤𝑗 = 0 on 𝛤𝐸 since all 𝜙𝑖(= 𝑤𝑗) must satisfy the essential b.c’s 

 Thus the symmetrical weak form is: 

− ∬ 𝐾(𝑢,𝑥𝑤𝑗,𝑥 + 𝑢,𝑦𝑤𝑗,𝑦)𝑑𝛺 + ∫ 𝑣𝑛𝑤𝑗

𝛤𝑁𝛺

𝑑𝛤 = 0          𝑗 = 1, 𝑁 

 The space requirements for both 𝜙𝑖 and 𝑤𝑖 are the same, 𝑊(1) = 𝐶𝑜 

 We only require the essential b.c.’s to be satisfied on 𝛤𝐸 
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Time Dependent Problems 

1. Use FD’s for the time dependence and Galerkin for the spatial dependence. Applying the 

Galerkin methods in space leads to sets of time dependent o.d.e.’s. We resolve the time 

dependence in these equations with FD’s. The time differencing scheme selected can 

control the success or failure of the method. 

𝑢𝑎𝑝𝑝 = 𝑢𝐵 + ∑ 𝛼𝑖(𝑡)𝜙𝑖(𝑥)

𝑁

𝑖=1

 

The coefficients on 𝛼𝑖(𝑡) are now time dependent. 

2. Direct use of the Galerkin Approach in space and time: 

𝑢𝑎𝑝𝑝 = 𝑢𝐵 + ∑ 𝛼𝑖𝜙𝑖(𝑥, 𝑡)

𝑁

𝑖=1

 

The interpolating functions, 𝜙𝑖, are now functions in time as well as space. 
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Example 

Let’s look at the wave equation: 

𝜆∇2𝑢 =
𝜕2𝑢

𝜕𝑡2  in Ω 

⇒ 

𝜆 (
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑢

𝜕𝑧2
) =

𝜕2𝑢

𝜕𝑡2
 

i.c.’s   are  𝑢(𝑥, 0) =𝑢𝑜(𝑥) 

 
𝜕𝑢

𝜕𝑡
(𝑥, 0) = 𝑢̇𝑜(𝑥) 

b.c.’s   are 𝑢(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) on 𝛤1 (essential) 

  𝜆
𝜕𝑢

𝜕𝑛
(𝑥, 𝑡) = 𝑔(𝑥, 𝑡) on 𝛤2 (natural) 
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Approach 1 

 Use Galerkin in space, FD in time 

 Develop the fundamental weak weighted residual form: 

∭ (𝜆∇2𝑢 −
𝜕2𝑢

𝜕𝑡2
) 𝑤𝑗𝑑𝛺 − ∬ (𝜆

𝜕𝑢

𝜕𝑛
− 𝑔) 𝑤𝑗𝑑𝛤 = 0          𝑗 = 1, 𝑁

𝛤𝑁𝛺

 

This generates a differentially time dependent set of simultaneous algebraic equations 

with the time dependence in the 𝛼𝑖(𝑡)’s  

𝑨
𝜕2𝛼

𝜕𝑡2
+ 𝑩 𝛼 = 𝐶 

Now we use the FD method to resolve this differential time dependence leading to a 

system of entirely algebraic equations. Thus we discretize 
𝜕2𝛼

𝜕𝑡2 . 

 

Approach 2 

 FE for time and space: 

∫ {(∭ (𝜆∇2𝑢 −
𝜕2𝑢

𝜕𝑡2
) 𝑤𝑗𝑑𝛺 − ∬ (𝜆

𝜕𝑢

𝜕𝑛
− 𝑔)

𝛤𝑁𝛺

𝑤𝑗𝑑𝛤)}

∆𝑡

𝑜

𝑑𝑡 = 0 


